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Abstract 

We extend work done previously, |Q] , concerning the formation of vortices in a 
U(l)— »1 gauge theory at a first order phase transition to the symmetry break- 
ing SU(2)rxU(l)y — ►U(1)q. It is shown that the collision of bubbles, appear- 



■^j- ■ ing at the phase transition, allow the possibility for forming non-topological 

strings associated with the gauge group. The method used also shows clearly 
pg . how these vortices are related to the Nielsen-Olesen vortices [^ . 
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The possible existence of vortex solutions within the standard model has been realised for 
some time @- fTj and their associated stability has also been widely studied ||- [jTT |. The 



very fact that these non-topological strings can exist is of interest in its own right, but 
recently a number of authors have speculated about their potential role for electroweak 
baryogenesis, arguing that it is possible to use the local symmetry restoration provided by 
the the string to generate a baryon asymmetry ||12|| - flTf . 

Unfortunately arguments about the density of defects formed which rely on the usual 
geodesic rule seem to imply that because they are non-topological in nature, then very few 
of them are likely to be created at a phase transition |]15|j . Essentially, because the vacuum 
in this model is a three sphere, a winding around the vacuum of the field at spatial infinity 
is not enough to guarantee the vanishing of the field at some point, a necessary condition 
for the existence of a string. One also has the disadvantage that a three sphere vacuum 
is 'larger' than the circular vacuum associated with a U(l) symmetry breaking, implying 
that a winding around the vacuum, which could correspond to an electroweak string, will 
be suppressed. 

In this paper we present results on the possible formation of loops of electroweak string 
in a scenario in which the usual geodesic rule breaks down, and argue that the implication 
is the production of electroweak string is not as suppressed as has been argued previously. 

In particular we find a class of field configurations that allow the gauge fields of the non- 
abelian symmetry group SU(2)xU(l) to be redefined in such a way that their evolution can 
be described by abelian, U(l), dynamics. Significantly, we find that the process of bubble 
nucleation, thought to be the mechanism responsible for the electroweak phase transition 
falls into this class of field structures. This then allows us to extend previous results in 
which we demonstrated how loops of topological string could be generated during bubble 
collisions [I] (see appendix) to the formation of electroweak string loops. 

To illustrate the idea we shall first consider the Lagrangian for a gauged SU(2) theory, 

it 



£ = [(d, - gW^Y [(0" - gW)$\ (1) 
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~W$ v W a * H ' - V(|$|), 



w, v = w;x, w, = w;t\ (2) 

w; v = w - d u w; + ge abc W^ (3) 

where $(x) is a complex doublet scalar field, and g is the gauge coupling constant. This 
model then has a gauged SU(2) and global U(l) symmetry, the SU(2) generators are chosen 
to be anti-hermitian and so satisfy, 



t a X 



e abc t c . (4) 



This is so far very general. However we now look at those fields which have a special set of 
initial configurations, namely those that can be written in the form, 

$(x) = exp (6(x)n a t a ) V(x), (5) 

w;{x) = o, (6) 



where n a is a constant unit vector, ty(x) = (0, p(x)/y/2) and the time derivatives are also 
required to vanish initially. What makes this configuration special is that in general we would 
expect n a to have spatial variations, whereas here we have factored the spatial dependence 
into the phase 9{x). We may introduce two new unit vectors, n and n such that (n,n,n) 
form a constant orthonormal basis. To help understand what our imposed initial conditions 
correspond to, define the new Lie algebra basis T 1 = n a t a , T 2 = n a t a , T 3 = n a t a . In ([5]) 
we then see that initially the scalar field excitation involves only one generator, T 1 , and it 
may then be expected that the only gauge field to evolve will be the one associated with 
this generator. In fact as we will see, the field equations confirm this expectation and it is 
this fact, that only one gauge field evolves, which allows us to extract U(l) dynamics from 
this non-abelian theory. 

On substituting (Kl) into the Lagrangian we find after some algebra, 



C=-d,pd»p + -p%-d»- (7) 
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—w; u w^-v( P ). 



We then define the fields, 



a, = nw;, h, = h'w;, i, = few;, (s) 

and impose the initial conditions on the fields given in (f|). 

The equations of motion for the vector fields H^, 7 M involve terms linear, quadratic and 
cubic in these fields, so one solution is that they vanish. However as this solution is consistent 
with the initial conditions we impose, it is the one we are interested in. On substituting the 
vanishing of these fields into (0) one finds the effective Lagrangian, 

C = \d,pd»p+ l -p 2 dJ ) -d» 6 - (9) 

4(i)Vv-(f)^ 
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--F^F^-Vip) 



F^ u = d^A v - d u A^. (10) 

This can now be immediately recognized as a standard Lagrangian with a local U(l) sym- 
metry, the U(l) coupling and phase are g/2 and 9/2 respectively (The 9/2 appears due to 
the 47r rotation symmetry of SU(2)). In other words in the standard notation of a U(l) 
theory (used in |I[) we have 

£ su(2 )( M) ^,)Ei; u(1) ( M /2^/2 1 n¥;). (11) 

It is clear to see that even though the scalar field transforms under a local SU(2) group, 
there exist Nielsen- Olesen vortex solutions with the effective U(l) gauge field A^ = n l W;. 



By saying this we mean that the vector field A IX (= tfWV) and the modulus, p, of the Higgs 
field $ have the same profile as the Nielsen- Olesen gauge field and Higgs field respectively, 
this is not a statement about the topological stability of these non-abelian vortices. The 
two parameters required to define n then define a two parameter family of vortices for the 
SU(2) Lagrangian. Thus we have shown that if we can find a situation where the initial field 
configurations are of the form given by fl5|), (||) then their dynamics can be described by the 
equivalent U(l) model, which is far easier to determine. On the face of it, it may seem we 
are demanding a great deal, and that such a configuration is unlikely to occur. However, we 
will now demonstrate that these are the precise conditions that apply to the nucleation of 
two bubbles of true vacuum in an SU(2) theory. 

The initial conditions for a single bubble are described by the bounce solution, |16| . 



where the phase is constant across the bubble. For the case of two bubbles, as the profile of 
the bubble walls falls off exponentially quickly, then if the bubbles are suitably separated, 
the initial conditions are well approximated by a linear superposition of two single bubble 
solutions. Each bubble will have its own, constant, phase, hence we write for the two bubble 
configuration (where the bubbles are initially separated by a distance b) 

^nitial(x) = *(£,* = 0) ( 12 ) 

+ exp(6n a t a )^(x-b,t = 0). 

In ([12]) we have defined ^/(x,t = 0) = (0,p&(x)/\/2) where Pb(x) is to be the profile of the 
bounce solution. To progress further, we now want to show that this configuration can be 
written in a form similar to that in (|^). To do this write 

^imtiai(x) = exp (e(x)N a (x)t a ) f M , (13) 

where we explicitly allow for the possibility that the unit vector N a (x) may have a spatial 
variation. Equating (|12]) and fll3|) we find that 

N a (x) = n a } (14) 

e(x)=p 2 (x)+p 2 (x-b) (15) 
+2p(x)p{x-b)cos{6/2), 

sin 2 (#/2) = (p(x - 6)/£(x)) 2 sin 2 (#/2). (16) 

Eqn. flT4|) shows that in fact N_ is a constant vector and thus the x dependence of the phase 
of the whole initial configuration has been factored out into the 6(x) so we only need to 
consider the effective U(l) Lagrangian with gauge field A^ = n a W^ for subsequent field 
evolution. This is useful as it means that the results presented in [|Ij] apply to this situation 
and they imply that for suitable first order potentials it is possible to generate a vortex loop 
along the intersection of the two bubbles. This vortex corresponds to a winding around the 
vacuum in the direction prescribed by the combination of generators n a t a and the winding 
is driven by the effective gauge field A fl (= n a W^). 

We now come to describe the process for the case when the global U(l) symmetry of ([!]) 
is elevated to a local symmetry by the inclusion of an abelian gauge field B^ via, 



C = [V^} ] [£>"$] - hv^,W ata ' (17) 

V ll = d li -gW fl -~g'B lt , (18) 

w, u = w; v t a w, = w*t\ (19) 

B^ = d„B v - d v B^ (20) 

W^ = d^W v - d v W^ - g[W^ W v \, (21) 

and g' is the coupling constant associated with the extra U(l) gauge field. We wish to 
proceed as before, by looking at initial conditions of the form (|§),(p|) and B^ = 0, with all 
time derivatives vanishing. Then by defining new vector fields we would like to obtain an 
effective U(l) Lagrangian. However, with the introduction of a local U(l) gauge field we are 
including a new generator, the identity, into the problem. Once this is included we have a 
special combination of generators which annihilate the vacuum to leave us with the residual 
U(l) symmetry. It is the existence of this special generator that means we cannot treat the 
system with the same generality (i.e. arbitrary unit vector n ) we could the pure local SU(2) 
case. We can however look at individual cases and to do this we shall work in the canonical 
SU(2) real algebra basis, t l = |<7 l , where a % are the Pauli matrices. In this basis the vacuum 
defined by \l/ in ( |I2"D is annihilated by t 3 + |1. 

The important point that we wish to stress is that even in this more complicated scenario 
it is still possible to find a basis in which we are able to write the theory as an effective U(l) 
abelian theory analogous to (§) but with different combinations of the original gauge fields 
providing the local U(l) gauge field and different gauge coupling constants. 

The specific cases we will refer to are 

1. n 3 = 1 {n 1 = n 2 = 0) 
,3 - (n 1 = yfi - (n 2 ) 2 ) 



n 



where the n is the unit vector appearing in (|5|) . 

Each of these cases require a good deal of algebra to work through them which we will 
not reproduce here. However the results are straightforward to describe. 

For case 1. we find that the gauge field (the analogue of A^ in (|8|) and @) which 
will create a winding of the Higgs field when two bubbles collide is nothing other than the 
field associated with the Z vector boson in the standard model. This gives us a possible 
mechanism for creating a Z string, 

Z^ = cos 9 w Wl - sin 9 W B^ (22) 

® = \/g 2 + g' 2 , g = acos6 w , (23) 

where a/2 is the gauge coupling constant. Hence the effective U(l) Lagrangian has a phase 
angle of 8/2 and a coupling constant of a/2 = g/(2cos6w)- We stress that all the other 
components of the gauge fields remain zero, they do not evolve dynamically. Thus in the 
notation introduced in (|ll]) we can write 



£zioop($,g,g,W M> g M )=£p (1 )Op, 9 , 9 -,Z»). (24) 

Z COS u\y A 

For case 2. we find that the effective U(l) Lagrangian has A^ = n a W^ being the relevant 
vector field that evolves to form a loop of zeros in the Higgs field at the bubble collision, just 
as for the pure SU(2) case described in (§) and (|9|). So, this corresponds to the production 
of loops of W string described earlier in ([TT|). 

We should now address some of the difficulties inherent with the formation of non- 
topological strings. One issue is that although W and Z string solutions exist, they are 
unstable and this could affect the evolution of the (assumed constant) vector n. That is 
to say, if we were to take n 3 = 0(n 3 = 1) in order to generate a W(Z) string, how long 
does it take for perturbations in n to grow so that the full SU(2)xU(l) dynamics take over 
and render the two special cases considered irrelevant? To resolve this issue we undertook a 
simulation of the full field dynamics for bubble collisions in the SU(2)xU(l) gauge model, 
(for details see JIJ). We now look at the effect of adding a perturbation away from the two 
cases mentioned above. Fig 1 shows how the modulus of the Higgs field reacts in a typical 
bubble collision. In particular we are interested in that region on a path, r", around the Higgs 
zero located at (x, y) = (0, 50). A configuration that could produce windings associated with 
a W string (case 2 above) would be n = (0, 1,0). To see the effect of perturbing n 3 , fig 2 
shows a slice of Higgs configuration space along V when we initially perturb n 3 to n 3 = 0.01. 
It shows how the component d of $ = -^("t^j) evolves only a small amount away from zero, 
the value it would have in the unperturbed case n 3 = 0.0. In particular we see from fig 2 
that \d\ < .03 throughout the path, which should be compared to |$| ~ y/2 in the vacuum. 
As a guide to understanding the figure, we note that the loop lies mainly in the horizontal 
(c-a) plane as is to be expected for this type of W string. 

From case 1, we know that the condition that may lead to a Z string loop is n = (0, 0, 1) 
and fig 3 shows the effect of initially perturbing n 2 to n 2 = 0.01. Now we see that the 
a component of the Higgs field evolves away from zero, as expected, but only by a small 
amount (\a\ < 0.02). Again, as a guide to visualizing the loop configuration in fig 3, we note 
that the loop lies mainly in the vertical (c-d) plane, the lower component of the Higgs. An 
interesting feature of this example is that the Higgs field winds twice around the vacuum. 
The reason for this is that the effective U(l) coupling constant for the Z vector field is larger 
than that of the effective coupling for the W field by a factor of 1/ cos(8w), in this example 
we took g — g' — 1.0. This then allows the vector field to be more efficient at producing 
winding, a full description of the coupling constant's effect on winding can be found in (|TJ. 
The conclusion is that the fields around the loop of Higgs zeros in the collision region are 
largely unchanged for small perturbations about the two values of n, namely n 3 = 1 and 
n 3 = 0. 

Another important issue is that of how to characterize non-topological strings. By their 
nature they have no gauge invariant topological number associated with them so one cannot 
use this to determine their existence. An analogous situation would be the domain wall solu- 
tion in the U(l) model. Given a field configuration how could you deduce if it corresponded 
to a domain wall? The existence of two regions with a phase differing by tc is not enough 
as this does not guarantee the field vanishes between the regions. In the abelian model one 
has a gauge invariant flux which can be used to look for the presence of strings, however 
here again we find a problem. The standard definition of a gauge invariant flux involves the 

6 



tensor &W® £ a $, which unfortunately vanishes for W strings so could not be used to probe 
for their location. However, another gauge invariant parameter is the energy, and this may 
be used to show that the fields are not gauge equivalent to a vacuum. For the two cases 
discussed above, since the effective U(l) fields around the ring of Higgs zeros evolve as in a 
U(l) model, the energy distributions will necessarily be the same as for the corresponding 
loop of U(l) string. 

We have now illustrated a possible mechanism which allows for the creation of loops of 
non-abelian string in the collision region of bubbles of true vacuum. Unfortunately, this 
is not the same as showing that the string loops would actually form in an electroweak 
phase transition. There are a number of problems to be encountered. The first is that the 
transition occurs at a non zero temperature, in a plasma. The conduction currents that exist 
in the plasma will couple to the gauge fields, reducing their efficacy for vortex formation 
jlUrTH. One also has to be aware that the phase transition is only weakly first order (if at 
all) so that thermal excitations rather than quantum nucleation could become an important 
mechanism for the field to get into the true vacuum. The approach we developed in [|l| is 
only valid for tunneling transitions. 

However, we believe that we have provided a plausible mechanism which demonstrates 
that it is possible to have non-topological, non-abelian strings form in a first order transition 
in a gauge model. It is remarkable that the dynamics of the theory can be accommodated 
in a much simpler abelian U(l) model when we are considering bubble nucleation. 

It is worth commenting on the sizes of the typical loops that are formed. Because 
they form in the collision regions of the bubbles, they are typically the size of the bubbles 
themselves when they are formed. This is of order the correlation length at formation. 

The above formalism could also be applied to the case of a global theory admitting 
bubble nucleation. Recently there have been simulations of a global abelian U(l) model 
which demonstrated that vortex formation is allowed in the collision of bubbles |18| . Based 
on the results presented here we may then infer that such vortex production would occur 
under similar circumstances for a global symmetry of SU(2) x U(l) . Our results are significant 
because this mechanism of forming loops is one that violates the geodesic rule (see fl] for 
the details). We intend to determine the viability of forming electroweak strings by trying 
to model the electroweak transition in a future work. For example it would be interesting 
to learn the number density of such loops that would be formed, and their size distribution. 
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APPENDIX: 

In this appendix we shall briefly explain the reason for the breaking of the geodesic rule 
when bubbles collide in an abelian gauge theory |1| • With hindsight one can readily see why 
string formation in a first order phase transition may occur in such a model. In the U(l) 
gauge theory we find that the true vacuum solution for the vector field is A^ oc j^, where 
jp are the components of the Nother current associated with a global U(l) symmetry. Now 
consider the path T of fig 4. Along AB,at relatively late times, the field has settled into the 
true vacuum so the Nother current is determined by the gauge field. We also know that 
the gauge field will be excited inside one bubble where the boundary of the other bubble is 
present, due to the different phases of the two bubbles. These excitations occur over a length 
scale determined by the mass of the vector particles in the true vacuum phase. However, as 
the scalar field does not vary significantly in modulus along AB the only way for the Nother 
current to match the gauge field variation is for $ to have a large phase variation and, 
depending on the size of the gauge field, the phase can wrap entirely around the vacuum 
manifold. To see if a vortex will be found inside T we need to look at the BCA section of 
the path. At C, the scalar field has only just been pulled from the false vacuum and has not 
had time to wrap around the vacuum manifold. We conclude then that any winding formed 
along AB will not be undone along BCA, so it is possible for the Higgs field along T to form 
a complete winding around the vacuum, leading to a vortex appearing inside the path F. 
In the non-Abelian case it may then be expected that a similar mechanism will be at work, 
allowing the formation of loops which are characterized by the zeros of the Higgs field. 
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Figure 1. A plot of a typical profile of the modulus of the the scalar field in a bubble collision. 
The path r" forms a loop enclosing the false vacuum black region located at (x, y) = (0, 48). 
Figure 2. A slice of the Higgs field around the path r" for a perturbed would be W string 
(n 3 = 0.01 initially). The solid loop represents the full field <£> (with the b component 
projected out), and the three dotted loops represent the projections of $ onto the c — d, 
c — a and a — d planes. 

Figure 3. A slice of the Higgs field around the path T' for a perturbed would be Z string 
(n 2 = 0.01 initially). The solid loop represents the full field $ (with the b component 
projected out), and the three dotted loops represent the projections of $ onto the c — d, 
c — a and a — d planes. 

Figure 4. Two colliding bubbles showing the path T which encloses a vortex. The two dots 
represent the flux lines of winding + 1 (black) and - 1 (white) . 
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Modulus of the Higgs Field in a Bubble Collision 
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